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The contact res is tance  is expressed  analytically as a function of load for elast ic  and e l a s to -  
plastic contacts by taking the rough surface as consist ing of spherical  project ions with a 
normal  distr ibution.  

Compress ion  is one method of adjusting thermal contact  res is tance  [1,2]. Here we derive an analytic 
express ion  for the load dependence of the res is tance  via the geometr ica l  and mechanical  features of rough 
su r faces .  

It is always poss ible [3, 4] to rep lace  contact  between two rough surfaces  by contactwithout allowance 
with a rough one whose project ions have the var iance  

a~ = ~ + ,~, (I) 

in which cr i2 represents  the var iance  for  the individual su r faces .  

The following equation has been given [1] for  the thermal res is tance  of a contact without allowance 
for heat t ransfer  by radiation and via  the intervening medium: 

Re -- ~ arctg r - -  a _--_--_ 1 R~, ( 2 )  

aan)~ a n 

which has been derived on the assumption of a uniform distribution of equal c i rcu la r  contacts.  Load in-  
c rease  ra ises  a and n but reduces r ,  with the s izes  of the individual c i rc les  having a cer ta in  spread around 
the mean a, so that the simple summation used in deriving (2) should be replaced by integration on the 
basis of the s tat is t ical  features .  

Elast ic  Contact. It has been shown [3,4] that a normal  distribution represents  closely the d i s t r ibu-  
tion of the heights of the roughness relative to a s tandard plane, while a single project ion may be r e p r e -  
sented as a ve ry  shallow spherical  one. Then [3] the load Pi acting on a ridge produces a deformation 

[ P~(I--~t~) ] ~/3 (3) 
b, = 0.83 E V ~  " 

The area  of  an individual contact is [4] related to bi by 

f~ :nRbl ,  f i :2nRb~ (4) 

for  elast ic  and plastic contacts respect ively .  In the absence of a load, height of the larges t  ridge equals 
the distance between the s tandard plane and a smooth plane. A load brings the surfaces  together,  and this 
distance becomes d, so all r idges with heights exceeding d will be in contact with the smooth surface ,  and 
the number  of contacts is 

g* 

n = (5) 

d 
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Fig .  1. Relat ive t he rma l  r e s i s t a n c e  
of contac t  R e / P  ~ v e r s u s  r e l a t ive  
load P / P *  (P* = 2.026.106 N/m2;  
R* c = P'c Ip = p*  , m 2 .deg/W).  
Points  show expe r imen ta l  da ta  [1]. 

The p r o p e r t i e s  of a n o r m a l  
(z* - ' ~ ) ,  so 

d i s t r ibu t ion  allow one to rep lace  the upper  l imi t  of in tegra t ion  by infinity 

MN o exp - -  
n=V  d 

' 1  1.3 

2 - - ~  4 \V2(~] 

Rough va lues  have been given [4] f o r  d /~  as a funct ion of  load.  In g e n e r a l ,  the con tac t s  a re  unevenly 
d i s t r ibu ted  ove r  unit a r e a  of the nominal  s u r f a c e ,  but the v e r y  s imple  a s sumpt ion  of a un i fo rm d i s t r ibu t ion  
impl ies  that the fol lowing is the rad ius  of  the reg ion  f r o m  which heat  flow l ines  converge  on a contact,. 

(7) 

The conductance  of unit  a r e a  of nominal  s u r f a c e  is the sum of the conduc tances  of the individual 
con tac t s ,  i .e . ,  

z *  

al - R-21 exp dz. 
d 

(8) 

The actual  a r e a  of contac t  in e l a s t i c  con tac t  is a few pe r  cent  of the nomina l ,  so we expand a r c t an  [ ( r - a )  
/a] as a s e r i e s  to ge t  

al  = 2 ~ ~No ~ g e x p  - -  

( 1 M ,/z%~-~d+ I - - M  V R )  (9) 

whe re  M is defined by (6) and r by (7). The d i s tance  d between the s u r f a c e s  in (9) can be e x p r e s s e d  via  the 
ex te rna l  load as follows fo r  the above mode l  

25 

( 1 ) 3/2 NEV-R" z ~ 
P=~,~,83 ] V~+(1--~') ~ (z--d)a/2exp ( - - - ~ )  dz' (10) 

d 

which is the in tegra l  of Pi  o v e r  all the l o a d - b e a r i n g  p ro j ec t ions .  In tegra t ion  g ives  

p.= 2 (1___j__13/2 NE(~(1--M) V~R(z,_a) exp - -  . (11) 
3 V 2--~ k 0.83 ] 1 - -  ~t ~ 

It is bes t  to deduce d(1 )) g r aph ica l l y  because  (11) is t r anscenden ta l .  

S imi l a r ly ,  f o r  a~, P ,  and r we can de r ive  m o r e  convenient  equivalent  e x p r e s s i o n s  if we ca lcu la t e  the 
in tegra l  of (5) as a P o i s s o n  in tegra l ,  with 
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1 •  a V R  e x p ( - - x  =) , 
r~r 

1 / - 2 - (  1 )a/2 NEa 

• ] / R  (z* - -  d) [exp ( - -  x ~) - -  1 /~  x erfc x] , 

d 
r = (2N eric x) -1/2 , erfc x = 1 - -  ~ (x), x=-- g 2 a  

(12) 

w h e r e  �9 (x) is  the p r o b a b i l i t y  i n t e g r a l ,  t abu l a t ed  in [5]. 

We have  an e x p o n e n t i a l  d e p e n d e n c e  on d fo r  R c = 1 / a  1, which  is c o n f i r m e d  by e x p e r i m e n t ,  as  in the 

P d e p e n d e n c e  in (11) [1 ,2] .  F o r  d s m a l l  (P l a r g e )  we have 

d z c r V ' 2  In L - ~ /  - ~ - k - ~ -  ) p(l__~t~) , 

and a 1 is  l i n e a r l y  d e p e n d e n t  on P: 

X 
(1-- ~2) p ] 
e V ~ - i ~  " 

(14) 

Th i s  a l so  a g r e e s  wi th  e x p e r i m e n t .  It fo l lows  f r o m  (9) and (14) that  the con tac t  r e s i s t a n c e  i n c r e a s e s  wi th  
the r o u g h n e s s .  

E l a s t o p l a s t i c  Con tac t .  At  high l e v e l s  the p r o j e c t i o n s  a t t a in  a c r i t i c a l  s t r a i n  b* w h e r e  p l a s t i c  s t r a i n  
s t a r t s  [3]. The  fo l lowing  is  the p r e s s u r e  at  the c e n t e r  of the c on t a c t  c i r c l e  be tween  an e l a s t i c  s p h e r e  and 
a r i g i d  p l ane :  

[ piE S ] ,/3. (15) 
q = 0 . 9 1 8  [ 4R~( 1 - 1  a~) 

J 

The s t r a i n  b e c o m e s  p l a s t i c  if  q e x c e e d s  the c r i t i c a l  v a l u e  q* = c(l s ,  w h e r e  c is  1-6 and is  a f a c t o r  i n c o r -  
p o r a t i n g  the p r o j e c t i o n  shape  and the i n t e r a c t i o n  of p r o j e c t i o n s .  Then when 

d* = z * - - 0 *  = z* 0~S3~ /N  ~c%~ (16) 
0.918 ~ 

we g e t  p l a s t i c  d e f o r m a t i o n  of the h i g h e s t  p r o j e c t i o n s .  

If the n o m i n a l  p r e s s u r e  is  l e s s  than the y i e l d  poin t ,  the p l a s t i c a l l y  d e f o r m e d  c o n t a c t s  b e a r  [4] a r a t i o  
exp ( - b * / a )  to the to ta l  n u m b e r ,  so  (4) g i v e s  the conduc t ance  of unit  a r e a  of n o m i n a l  c on t a c t  as  

a 2 ~ a l [ l + e x p  ( _ _ ~ _ ) ]  " (17) 

A l s o ,  (l s f a l l s  as  the t e m p e r a t u r e  in the c on t a c t  zone i n c r e a s e s ,  so the c r i t i c a l  s t r a i n  a l so  d e c r e a s e s ,  
and the conduc tance  i n c r e a s e s  b e c a u s e  t h e r e  a r e  m o r e  p l a s t i c a l l y  d e f o r m e d  p r o j e c t i o n s .  

To c o m p a r e  the c a l c u l a t e d  r e l a t i o n  wi th  e x p e r i m e n t a l  d a t a  we used  ihe m e a s u r e m e n t s  g iven  in [1] 
(p. 135) fo r  c o n t a c t  be tween  p a i r s  of 1Khl8N9T s t e e l  s u r f a c e s :  X = 17.7 W / m  .deg ,  Hro  ~ a  = 11.7 -10 -4 c m ,  
E = 1.9 -1011 N / m  2 (at 200~ and ~ = 0.3.  U n f o r t u n a t e l y ,  the o t h e r  n e c e s s a r y  p a r a m e t e r s  a r e  not  g iven  in 
[1]. We e s t i m a t e d  the v a l u e s N  = 1.5 .105cm - 2 , R = 5 0 . 1 0  -4 c m ,  z* = 44 .10 - 4 c m  a n d b *  = 0 . 4 . 1 0  -4 c m .  
V a r i o u s  m e t h o d s  of s u r f a c e  t r e a t m e n t  tend to g ive  i d e n t i c a l  r o u g h n e s s  he igh t ,  but  wi th  d i f f e r e n t  d i s p o s i t i o n s  
and d e f o r m a t i o n  r e s i s t a n c e s  fo r  the p r o j e c t i o n s  and,  as  the s u r f a c e  t r e a t m e n t  was  not  s t a t e d  in [1], the 
u n c e r t a i n t y  in N, R, and z* shou ld  be e l i m i n a t e d  by c o m p a r i n g  t h e o r e t i c a l  and e x p e r i m e n t a l  r e l a t i o n s h i p s  
in r e l a t i v e  un i t s .  The unit  e m p l o y e d  fo r  P in F i g .  1 was  P* = 2 .026 .10 G N / m  2, whi le  that  fo r  RC was the 
t h e r m a l  r e s i s t a n c e  a t  P = P * .  F i g u r e  1 shows  tha t  the  c a l c u l a t e d  R c ( P  ) a g r e e s  wi th  e x p e r i m e n t ,  
though the  Rc deduced  f r o m  (17) wi th  the  above  p a r a m e t e r s  w e r e  s o m e w h a t  h i g h e r  than t h o s e  of [1]. 
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Boundary Conditions in Contact Heat T r a n s f e r .  These resu l t s  can be used as boundary conditions 
where  contact r e s i s t ance  is impor tan t ,  e .g .  f r ic t ion,  machining,  or  the theory of the rmal  s t r e s s .  They are  
readi ly  extended to e lec t r i ca l  contacts  and heat  t r a n s f e r  by radiat ion and via  the intervening media .  Let  
the las t  two fac tors  be cha rac t e r i zed  by the h e a t - t r a n s f e r  coefficients c~ r and a f ;  then the overa l l  coef -  
f icient of contact conductance is 

F o r  an e las t ic  contact  

and for  an e las toplas t ic  one 

a = a j + ( 1 - - e ~ ) ( a f + a r ) ,  ] : l ,  2. (18) 

rl = V T erfcx] (19) 

(20) 

The definition of N makes  Fj equal to e]. 

This  method can eas i ly  be applied to o ther  models  fo r  the su r f ace .  

o" 
% 
a , r  
N , n  

k 
Z ,  Z :r 

P i '  bi 
E , # , a  s 
fi 
Fj, ej 
d 

~i' ~2 
R 
P 
b* 
q, q* 

c~f, c~ r 

N O T A T I O N  

s tandard  deviation o f  projec t ion  heights;  
contac t  the rmal  r e s i s t ance ;  
radi i  of contact  spot and of contract ion region;  
total number  of project ions  and cavi t ies  and number  of contact spots pe r  unit a r e a  of nominal  

contact  su r face ;  
effect ive thermal  conductivity of contact  zone; 
height and m a x i m u m  height of project ions;  
load pe r  project ion and deformat ion;  
e las t ic  modulus ,  Po i s son ' s  ra t io  and yield l imit  for  project ion m a t e r i a l ;  
a r e a  of a contact  point; 
r e la t ive ,  actual  contact  a r ea ;  
dis tance between smooth su r face  and s tandard  plane of rough su r face ;  
contact  conductivity of e las t ic  and e las toplas t ic  contacts ;  
calculated radius of project ion;  
load on contacting su r f aces ;  
c r i t ica l  deformat ion  of project ion;  
contact  p r e s s u r e  at the cent re  of project ion and value at c r i t ica l  deformat ion;  
coefficients of heat  t r ans f e r  by in te rmedia te  fluid and radiat ion.  
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